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COMMON QUESTION IN OPTIMIZATION

Worst-case performance of an optimizationmethodM on

min
x
f(x)

+ g(Mx)

where f ∈ F has some properties (smoothness, convexity, …)?

Example 1:
Worst-case performance of

M︷ ︸︸ ︷
gradient method on

F︷ ︸︸ ︷
L-smooth convex functions

after N iterations?
performance︷ ︸︸ ︷
f(xN) − f∗ ≤ L

2
1

2N+1 .

Example 2:
Worst-case performance of methods involving linear mappings?
e.g. Chambolle-Pock method, Condat-Vũ method, PDFP, PD30, PAPC, ADMM, etc.
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PERFORMANCE ESTIMATION PROBLEM (PEP)

Theoretical and practical framework to analyze performance of optimization
methods on problem classes.

• Performance of first-order methods for smooth convex minimization: a novel
approach [Drori and Teboulle, 2014]

• Convex interpolation and performance estimation of first-order methods for convex
optimization [Taylor, 2017]

Method
+

Class of functions

Exact worst-case
performance

f(xN)− f∗ ≤ L
2

1
2N+1
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Theoretical and practical framework to analyze performance of optimization
methods on problem classes.

• Performance of first-order methods for smooth convex minimization: a novel
approach [Drori and Teboulle, 2014]

• Convex interpolation and performance estimation of first-order methods for convex
optimization [Taylor, 2017]

Gradient method
+

Class of L-smooth convex
functions

Exact worst-case
performance

f(xN)− f∗ ≤ L
2

1
2N+1
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PEP IS WELL DEVELOPED: AROUND 40 RESEARCHERS
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PERFORMANCE ESTIMATION PROBLEM



INPUT = OPTIMIZATION METHOD + PROBLEM CLASS
OUTPUT = WORST INSTANCE IN PROBLEM CLASS

Example:
• N steps of gradient method xi+1 = xi − 1

L∇f(xi)
• L-smooth convex functions f

PEP

max
points xi,x∗, function f

f(xN)− f(x∗)

s.t. f L-smooth convex,

xi+1 = xi −
1
L∇f(xi),

||x∗ − x0||2 ≤ 1,
||∇f(x∗)||2 = 0.
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INPUT = OPTIMIZATION METHOD + PROBLEM CLASS
OUTPUT = WORST INSTANCE IN PROBLEM CLASS

Example:
• N steps of gradient method xi+1 = xi − 1

L∇f(xi)
• L-smooth convex functions f

PEP solved outputs

• Worst performance: f(xN) − f∗ ≤ L
2

1
2N+1 (for all N and L);

• Worst function: (for N = 3 and L = 1)
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PEP AS FINITE-DIMENSIONAL PROBLEM

f infinite-dimensional but only access to xi, f(xi), ∇f(xi) … black-box property!
PEP

max
points xi,x∗,function f

f(xN)− f(x∗)

s.t. f L-smooth convex,

∃f L-smooth convex :

xi+1 = xi −
1
L∇f(xi),

||x∗ − x0||2 ≤ 1,
||∇f(x∗)||2 = 0.

Interpolation condition to reformulate.

Can be reformulated as convex semidefinite problem, efficiently solvable!
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max
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CURRENTLY FORMULABLE PEP

Interpolation conditions for L-smooth convex functions
Given xi, gi, fi ∀i = 0, . . . ,N,

∃ L-smooth convex f such that

f(xi) = fi ∀i = 0, . . . ,N,
∇f(xi) = gi ∀i = 0, . . . ,N,

if, and only if,

fi ≥ fj + gTj (xi − xj) +
1
2L

||gi − gj||2 ∀i, j = 0, . . . ,N.

Interpolation conditions must be convex in fi, xTi gj, xTi xj, gTi gj.

Remark: Interpolation conditions and PEP formulation available for numerous
function classes: non-smooth, L-smooth, convex, µ-strongly convex, etc.
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fi ≥ fj + gTj (xi − xj) +
1
2L

||gi − gj||2︸ ︷︷ ︸
Linear in fi, xTi gj, x

T
i xj, g

T
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PERFORMANCE ESTIMATION PROBLEM
FOR LINEAR MAPPINGS



EXTENDING PEP TO LINEAR MAPPINGS

Goal: Extend and exploit PEP to analyze methods applied to min
x
F(x) where

F involves linear mappings.

F(x) Possible method Iterations

g(Mx) Gradient descent xi+1 = xi − h
LM

T∇g(Mxi)
1
2x
TQx (= 1

2 ||Q
1
2 x||2) Gradient descent xi+1 = xi − h

LQxi

f(x) + g(Mx) Chambolle-Pock
[Chambolle and Pock, 2011]

xi+1 = proxτ f(.)
(
xi − τMTui

)
ui+1 = proxσg∗(.) (ui + σM(2xi+1 − xi))

What is missing in PEP to analyze such problems?

Interpolation conditions for linear mappings!
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DECOMPOSING THE ITERATION

• Gradient method on min
x
g(Mx): xi+1 = xi − h

LM
T∇g(Mxi)

or equivalently
yi = Mxi

New interpolation conditions

ui = ∇g(yi)

Standard interpolation conditions

vi = MTui

New interpolation conditions

xi+1 = xi − h
L vi

Standard

• Chambolle-Pock method on min
x
f(x) + g(Mx) :xi+1 = proxτ f(.)

(
xi − τMTui

)
ui+1 = proxσg∗(.) (ui + σM(2xi+1 − xi))

Also requires New interpolation conditions.

8



DECOMPOSING THE ITERATION

• Gradient method on min
x
g(Mx): xi+1 = xi − h

LM
T∇g(Mxi) or equivalently

yi = Mxi

New interpolation conditions

ui = ∇g(yi)

Standard interpolation conditions

vi = MTui

New interpolation conditions

xi+1 = xi − h
L vi

Standard

• Chambolle-Pock method on min
x
f(x) + g(Mx) :xi+1 = proxτ f(.)

(
xi − τMTui

)
ui+1 = proxσg∗(.) (ui + σM(2xi+1 − xi))

Also requires New interpolation conditions.

8



DECOMPOSING THE ITERATION

• Gradient method on min
x
g(Mx): xi+1 = xi − h

LM
T∇g(Mxi) or equivalently

yi = Mxi New interpolation conditions

ui = ∇g(yi) Standard interpolation conditions

vi = MTui New interpolation conditions

xi+1 = xi − h
L vi Standard

• Chambolle-Pock method on min
x
f(x) + g(Mx) :xi+1 = proxτ f(.)

(
xi − τMTui

)
ui+1 = proxσg∗(.) (ui + σM(2xi+1 − xi))

Also requires New interpolation conditions.

8



DECOMPOSING THE ITERATION

• Gradient method on min
x
g(Mx): xi+1 = xi − h

LM
T∇g(Mxi) or equivalently

yi = Mxi New interpolation conditions

ui = ∇g(yi) Standard interpolation conditions

vi = MTui New interpolation conditions

xi+1 = xi − h
L vi Standard

• Chambolle-Pock method on min
x
f(x) + g(Mx) :xi+1 = proxτ f(.)

(
xi − τMTui

)
ui+1 = proxσg∗(.) (ui + σM(2xi+1 − xi))

Also requires New interpolation conditions.
8



INTERPOLATION CONDITIONS AS SEMIDEFINITE CONSTRAINTS

Definition (L-matrix-interpolability)
{(xi, yi)}i=1,...,N1 and {(uj, vj)}j=1,...,N2 are L-matrix-interpolable if, and only if,

∃M with σmax(M) ≤ L :

yi = Mxi, ∀i = 1, . . . ,N1,
vj = MTuj, ∀j = 1, . . . ,N2.

Theorem (L-matrix-interpolation conditions)
{(xi, yi)}i=1,...,N1 and {(uj, vj)}j=1,...,N2 are L-matrix-interpolable if, and only if,

XTV = YTU,
YTY ⪯ L2XTX,
VTV ⪯ L2UTU,

where X = (x1 · · · xN1), Y = (y1 · · · yN1), U = (u1 · · · uN2) and V = (v1 · · · vN2).

Remark: [Colla and Hendrickx, 2022] and [Abbaszadehpeivasti et al., 2022] used these
conditions knowing their necessity.
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INTERPRETATION OF THE CONDITIONS

Theorem (L-matrix-interpolation conditions)
{(xi, yi)}i=1,...,N1 and {(uj, vj)}j=1,...,N2 are L-matrix-interpolable if, and only if,

XTV = YTU,
YTY ⪯ L2XTX,
VTV ⪯ L2UTU,

where X = (x1 · · · xN1), Y = (y1 · · · yN1), U = (u1 · · · uN2) and V = (v1 · · · vN2).

Proof.
Necessity: Let {(xi, yi)}i=1,...,N1 and {(uj, vj)}j=1,...,N2 L-matrix-interpolable.

⇔ ∃M with σmax(M) ≤ L : yi = Mxi and vj = MTuj ∀i, j
⇔ ∃M with MTM ⪯ L2I and MMT ⪯ L2I : Y = MX and V = MTU
⇒ XTMTU︸ ︷︷ ︸

XTV

= XTMTU︸ ︷︷ ︸
YTU

, XTMTMX︸ ︷︷ ︸
YTY

⪯ L2XTX, UTMMTU︸ ︷︷ ︸
VTV

⪯ L2UTU

Sufficiency: see [Bousselmi, Hendrickx, Glineur, 2023].
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INTERPOLATION CONDITIONS FOR SYMMETRIC LINEAR MAPPINGS

Definition ((0, L)-symmetric-matrix-interpolability)
{(xi, yi)}i=1,...,N is (0, L)-symmetric-matrix-interpolable if, and only if,

∃Q symmetric with 0 ⪯ Q ⪯ LI : yi = Qxi ∀i = 1, . . . ,N.

Theorem ((0, L)-symmetric-matrix-interpolation conditions)
{(xi, yi)}i=1,...,N is (0, L)-symmetric-matrix-interpolable if, and only if,XTY = YTX,

YT(LX− Y) ⪰ 0,

where X = (x1 · · · xN1) and Y = (y1 · · · yN1).

Remark: Similar result for skew-symmetric matrices. 11
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INTERPOLATION CONDITIONS FOR QUADRATIC FUNCTIONS

Homogeneous quadratic functions: Qµ,L =
{
f(x) = 1

2x
TQx,Q = QT, µI ⪯ Q ⪯ LI

}
Definition (Qµ,L-interpolability)
{(xi,gi, fi)}i=1,...,N isQµ,L-interpolable if, and only if,

∃Q symmetric with µI ⪯ Q ⪯ LI :

fi = 1
2x
T
i Qxi,

gi = Qxi,
∀i = 1, . . . ,N.

Theorem (Qµ,L-interpolation conditions)
{(xi,gi, fi)}i=1,...,N isQµ,L-interpolable if, and only if,

XTG = GTX,
(G− µX)T(LX− G) ⪰ 0,
fi = 1

2x
T
i gi ∀i = 1, . . . ,N,

where X = (x1 · · · xN) and G = (g1 · · · gN).

Allows to use PEP on the class of quadratic functions!
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EXPLOITATION OF
MATRIX-INTERPOLABILITY
1 GRADIENT METHOD ON g(Mx)
2 GRADIENT METHOD ON 1

2x
TQx

3 CHAMBOLLE-POCK METHOD ON f(x) + g(Mx)



SIMPLEST PROBLEM minx F(x) INVOLVING LINEAR MAPPING

Function class: C0,LMµg,Lg = {F(x) = g(Mx), g is Lg-smooth µg-strongly convex, 0 ≤ ||M|| ≤ LM}
Gradient method (GM): xi+1 = xi − h

LgL2M
∇F(xi)

Parameters: Lg = LM = 1, µg = 0.1, κg = µg
Lg , ||x0 − x∗||2 ≤ 1, h0(κg,N)

Worst-case performance of N = 10 iterations (GM) for varying h ∈ [0, 2]

Observations:
• 3 (identified) regimes;
• Acc(FµgL2M,LgL

2
M
) ≤ Acc(C0,LMµg,Lg) ≤ Acc(F0,LgL2M

);
• Information on structure improves optimal step;
• Symmetry has no impact.
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SIMPLEST PROBLEM minx F(x) INVOLVING LINEAR MAPPING (µM > 0)

Function class: SµM,LM
µg,Lg = {F(x) = g(Mx), g is Lg-smooth µg-strongly convex, µM ≤ ||M|| ≤ LM, M = MT}

Gradient method (GM): xi+1 = xi − h
LgL2M

∇F(xi)
Parameters: Lg = LM = 1, µg = 0.1, µM = 0.4, κg = µg

Lg , κM = µM
LM
, ||x0 − x∗||2 ≤ 1, h0(κg,N)

Worst-case performance of N = 10 iterations (GM) for varying h ∈ [0, 2]

Observations:
• 4 (identified) regimes;
• Acc(FµgL2M,LgL

2
M
) ≤ Acc(SµM,LM

µg,Lg ) ≤ Acc(Fµgµ2M,LgL
2
M
);
• Information on structure improves optimal step.
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PERFORMANCE OF (GM) ON QUADRATIC FUNCTIONS

Function class: Qµ,L = {F(x) = 1
2x
TQx, µI ⪯ Q ⪯ LI, Q = QT}(= S

√
µ,
√
L

1,1 )

Gradient method (GM): xi+1 = xi − h
L∇F(xi)

Notations/parameters: L = 1, µ = 0, ||x0 − x∗||2 ≤ 1
Worst-case performance of N = 10 iterations (GM) for varying h ∈ [0, 2]

Observations:
• 3 (identified) regimes;
• Acc(Qµ,L) ≤ Acc(Fµ,L);

• Information on structure improves optimal step.
15



ANALYZING A SOPHISTICATED ALGORITHM

Problem: min
x
f(x)+ g(Mx) where f, g convex, proximable, 0 ≤ ||M|| ≤ LM

Chambolle-Pock (CP) method:
{
xi+1 = proxτ f(.)

(
xi − τMTui

)
ui+1 = proxσg∗(.) (ui + σM(2xi+1 − xi))

Convergence results available but implicit and technical assumptions

Examples of assumptions:
• Existence of sets B1 and B2 sufficiently large to contain all iterations xi and ui
[Chambolle and Pock, 2011];

• Bound depending on the actual instance of the problem [Chambolle and Pock, 2016];
• Bound depending on the distance from initial to last point [Amir Beck, 2022].

PEP uses classical explicit assumptions to unify performance guarantees.
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EXPLICIT ASSUMPTION AND PERFORMANCE CRITERION OF CHOICE

Problem: min
x
f(x) + g(Mx) where f, g convex, proximable, 0 ≤ ||M|| ≤ LM, bounded subgradient

Chambolle-Pock (CP) method:
{
xi+1 = proxτ f(.)

(
xi − τMTui

)
ui+1 = proxσg∗(.) (ui + σM(2xi+1 − xi))

Parameters: LM = τ = σ = 1, µM = 0, ||x0 − x∗|| ≤ 1, ||u0 − u∗||2 ≤ 1, F(x) = f(x) + g(Mx)
Worst-case performance of (CP) for varying number of iterations N
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PEP TO ANALYZE FUNCTIONS INVOLVING LINEAR MAPPING
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WORST-CASE PERFORMANCE OF (GM) ON Fµ,L AND SµM,LM
µg,Lg

Worst-case performance of (GM) on Fµ,L

F(xN)− F∗ ≤ LR2
2 max

{
κ

κ− 1+ (1− κh)−2N , (1− h)2N
}

where κ = µ
L .

Worst-case performance of (GM) on SµM,LM
µg,Lg

F(xN)− F∗ ≤ LgL2MR2
2 max

{
κgα

κg − 1+ (1− κgαh)−2N
, (1− h)2N

}

where κg =
µg
Lg , κM = µM

LM and α = proj[κ2M,1]
(
h0
h

)
for h0 solution of(1− µg)(1− µgh0)2N+1 = 1− (2N+ 1)µgh0

0 ≤ h0 ≤ 1
µg
.



WORST-CASE FUNCTIONS OF (GM) ON Fµ,L AND SµM,LM
µg,Lg

Let q(x) = 1
2x
2 and ℓµ,h(x) =

{
µ
2 x

2 + (1− µ)τµ,h|x| −
( 1−µ

2
)
τ 2µ,h if |x| ≥ τµ,h,

1
2x
2 else,

where

τµ,h =
µ

µ−1+(1−µh)−2N .

Worst-case functions of (GM) on Fµ,L (κ = µ
L ) [Taylor, Hendrickx, Glineur, 2017]

Lq(x) = L
2x
2 and Lℓκ,h(x) =


µ
2 x

2 + (L− µ)τκ,h|x| −
(
L−µ
2

)
τ 2κ,h if |x| ≥ τκ,h,

L
2x
2 else,

where τκ,h = κ
κ−1+(1−κh)−2N .

Worst-case functions of (GM) on SµM,LM
µg,Lg (κg =

µg
Lg , κM = µM

LM ) [Bousselmi,
Hendrickx, Glineur, 2023]
LgLMq(x) =

Lg
2 (LMx)

2 and

LgLMM2ℓκg,M2h(x) =


µg
2 (LMMx)2 + (Lg − µg)LMMτκg,M2h|LMMx| −

(
Lg−µg

2

)
LMMτ 2κg,M2h if |x| ≥ τκg,M2h,

Lg
2 (LMMx)

2 else,

where τκg,M2h =
κg

κg−1+(1−κgM2h)−2N and M = Proj[κM,1]
(√

h0
h

)
.



PRACTICAL PROBLEMS INVOLVING LINEAR MAPPINGS

• ℓp-regularized robust regression (p = 1, 2)

min
x

||Mx− b||1 + ||x||pp,

• ℓ1-constrained least squares

min
x

||Mx− b||22,

||x||1 ≤ c,

• Basis pursuit

min
x

||x||1,

Mx = c,

• Total variation deblurring

min
x

||M1x− b||22 + ||M2x||1,

• Resource allocation

min
x

F(x),

Mx = c.



METHODSWITH LINEARMAPPINGS (SOLVEminx f(x)+g(Mx)+h(x), g,h PROXIMABLE AND f SMOOTH)

• Primal-Dual Fixed Point (PDFP) [Chen et al., 2016]

x̃ = proxτh
(
xi − τ∇f(xi)− τMTui

)
,

u = proxσg∗ (ui + σMx̃) ,
x = proxτh

(
xi − τ∇f(xi)− τMTu

)
,

xi+1 = xi + ρi(x− xi),
ui+1 = ui + ρi(u− ui).

• Condat-Vu (CV) [Condat, 2013, Vu, 2013]
x = proxτh

(
xi − τ∇f(xi)− τMTui

)
,

u = proxσg∗ (ui + σM(2x− xi)) ,
xi+1 = xi + ρi(x− xi),
ui+1 = ui + ρi(u− ui).

• Primal-Dual Three-Operator Splitting (PD3O)
x = proxτh (xi) ,
u = proxσg∗

(
ui + σM(2x− xi − τ∇f(x)− τMTui)

)
,

xi+1 = xi + ρi(x− xi − τ∇f(x)− τMTu),
ui+1 = ui + ρi(u− ui).

• Alternating Direction Method of Multipliers
(ADMM) [Gabay and Mercier, 1976]:
xi+1 ∈ argminx f(x) + ρ

2M1x+M2yi − c+ 1
ρ
zi
2
,

yi+1 ∈ argminy g(y) + ρ
2M1xi+1 +M2y− c+ 1

ρ
zi
2
,

zi+1 = zi + ρ(M1xi+1 +M2yi+1 − c),

solves minx f(x) + g(y) s.t. M1x+M2y = c.

• Proximal Alternating Predictor-Corrector
(PAPC) [Drori et al., 2015]

pi+1 = xi − τ
(
Myi +∇f(xi)

)
,

yi+1 = proxh
(
yi +MTpi+1

)
,

xi+1 = xi − τ
(
Myi+1 +∇f(xi)

)
,

solves minxmaxy f(x) + xTMy− h(y).



PROOF OF SUFFICIENCY IN SHORT

Let (X, Y,U, V) satisfying


XTV = YTU,
YTY ⪯ L2XTX,
VTV ⪯ L2UTU,

then,

• Step 1: ∃(XR, YR,UR, VR) building the same Gram matrices, i.e.

(X V)T(X V) = (XR VR)T(XR VR),
(Y U)T(Y U) = (YR UR)T(YR UR),

and such that ∃MR with σmax(MR) ≤ L :

YR = MRXR,
VR = MTRUR.

• Step 2: If (X, Y,U, V) and (XR, YR,UR, VR) build the same Gram matrices, then,

∃R1,R2 unitary :

(XR VR) = R1(X V),
(YR UR) = R2(Y U),

therefore,


Y =

M︷ ︸︸ ︷
RT2MRR1 X,

V =

MT︷ ︸︸ ︷
RT1MTRR2 U.
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